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A NON-ABELIAN DUALITY FOR (HIGHER) GAUGE
THEORIES
JÁN PULMANN, PAVOL ŠEVERA, AND FRIDRICH VALACH
Abstract. We consider a TFT on the product of a manifold with an interval,
together with a topological and a non-topological boundary condition imposed
at the two respective ends. The resulting (in general higher gauge) field theory
is non-topological, with different choices of the topological conditions leading to
field theories dual to each other. In particular, we recover the electric-magnetic
duality, the Poisson-Lie T-duality, and we obtain new higher analogues thereof.
1. Introduction
T-duality of 2-dimensional σ-models has two quite different generalizations: In
2 dimensions it has a non-abelian version called Poisson-Lie T-duality [5]. In 4
dimensions it has an analogue in electric-magnetic duality. A natural question is
whether there is a single mechanism explaining both of these generalizations, giving
rise to new dualities of possibly higher gauge theories.
The fact that duality in higher dimensions involves higher gauge theories can be
illustrated by the following simple example. If Σ is an n-dimensional space-time and
p+q+2 = n (p, q ≥ 0), let us consider the action functional S(A) =
∫
Σ F∧∗F , where
F = dA and A ∈ Ωp(Σ). The equations of motion are d ∗F = 0 and (identically)
dF = 0. This pure higher electromagnetism has gauge symmetries A 7→ A + dA′
(A′ ∈ Ωp−1(Σ)), gauge symmetries of gauge symmetries A′ 7→ A′ + dA′′, etc. If we
introduce A˜ ∈ Ωq(Σ) such that ∗F = dA˜ then (at least naively) we get a duality
exchanging p and q. Even if we start with a model with no gauge symmetries
(p = 0) or with ordinary gauge symmetries (p = 1), the dual model will have higher
gauge symmetries, if the dimension n is large enough. The general construction
we’re looking for thus needs to include higher gauge theories.
Inspired by [10], where Poisson-Lie T-duality is explained in terms of suitable
boundary conditions of Chern-Simons theory, we propose the following picture for
such higher dualities. Suppose α is an n + 1-dim topological field theory (TFT),
F is a non-topological boundary field theory of α requiring a Riemannian metric
or a similar structure on the boundary (see [2]), and L is a topological boundary
condition of α. This data gives us a non-topological n-dim field theory: given an
n-dimensional Riemannian manifold Σ, we obtain it from α on Σ× [0, 1] with F on
Σ× {0} and L on Σ× {1}, which we interpret as a field theory on Σ.
Σ× [0, 1]
Σ
α - an n+ 1-dim TFT
L - a topological boundary condition
F - a (non-topological) boundary field theory
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If in place of L we use another topological boundary condition L′ then we get a
possibly different, though closely related n-dim field theory. It may easily happen
that L and L′ are equal (or isomorphic) even though they come from two different
classical boundary conditions. This is precisely what happens in T-duality, when
α is an abelian Chern-Simons theory given by a suitable torus, and L and L′ come
from two different Lagrangian subgroups of the torus, yet giving the same boundary
condition at the quantum level [4]. A suitable choice of F , together with α and
with L or L′, then produces two 2-dim σ-models with the worldsheet Σ, linked by
T-duality.
In general we shall call two theories obtained from the same α and F , but from
possibly different L and L′, dual to each other. The full relation between such
theories should come from the n-category structure of the set of all topological
boundary conditions [3].
The aim of our paper is to look at this picture from the BV perspective. The
TFTs we shall consider are of the AKSZ type [1], i.e. given by a dg symplectic
manifold X , and L’s by dg Lagrangian submanifolds of X . F ’s will be given by
suitable data yielding dg Lagrangian submanifolds in Maps(T [1]Σ, X). As we shall
see, if we keep X and F fixed, different L’s will give rise to quite different (higher)
gauge theories, which are dual to each other according to our definition. The
(higher) gauge symmetries will appear automatically via the BV formalism.
The examples we obtain include Poisson-Lie T-duality (when α is a Chern-
Simons theory and X = g[1], where g is the corresponding Lie algebra), electric-
magnetic duality (n = 4, X = R2[2]), and also many exotic-looking (higher) gauge
theories. While any gauge theory, including Yang-Mills, can be put into the (α, F, L)
form, we do not find a duality involving Yang-Mills theory due to lack of a suit-
able L′ (more precisely, due to the acyclicity of X). Hopefully this issue can be
addressed by including supersymmetry into the formalism to get a duality of the
Montonen-Olive type [7], but we leave it to a future work.
The main technical tool that we use for calculations is the derived intersection of
Lagrangian submanifolds (or maps) introduced in [8]. It is a somewhat complicated
concept, so we use its simplified version which we describe in some detail. The
price to pay for this simplification is that our calculations are sometimes only local
(since some relevant objects may exist only locally). In fact, to get a truly global
description, we would need to use, as in [8], higher derived stacks in place of dg
manifolds. On the other hand, our simplified methods give relatively simple action
functionals in the BV formalism, and globalization can often be done ad hoc. We
leave these global issues for a future work as well.
Acknowledgments. We would like to thank to Branislav Jurčo for useful com-
ments on a preliminary version of this paper.
Notation and terminology. If V is a Z-graded vector space and if n ∈ Z then
V [n] denotes V with the grading shifted by n: V [n]k = Vn+k.
A graded manifold is a supermanifold X whose algebra of functions is Z-graded
(and not just Z2-graded). An N-manifold (non-negatively graded manifold) cor-
responds to the case of a Z≥0-grading; equivalently, it is a supermanifold with an
action of the semigroup (R,×) such that −1 ∈ R acts as the parity operator.
For any graded manifold X let EX denote its Euler vector field given by EXf =
(deg f)f .
A differential graded (dg) manifold is a graded manifold X equipped with a
vector field (differential) QX such that degQX = 1 and Q
2
X = 0. An NQ-manifold
is an N-manifold with a differential.
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The simplest examples of NQ-manifolds are T [1]M , where M is an ordinary
manifold. We have C∞(T [1]M) = Ω(M) and QT [1]M is the de Rham differential.
If M is oriented then on T [1]M we have a natural QT [1]M -invariant volume form,
corresponding to the integration of differential forms on M .
If g is a Lie algebra then g[1] is another example of an NQ-manifold, with
C∞(g[1]) =
∧
g∗, and with Qg[1] being the Chevalley-Eilenberg differential.
A dg symplectic manifold is a dg manifold X equipped with a symplectic form
ω s.t. LQXω = 0 and degω = n for some n ∈ Z. If n 6= 0 the 1-form θ = iEXω/n
satisfies dθ = ω. If n 6= −1 then HX = iQX iEXω/(n + 1) is a Hamiltonian of the
vector field QX .
If n = −1 and if a Hamiltonian HX (of degree 0) of QX is given then X is a
classical BV manifold. In other words, X is a graded manifold with a symplectic
form ω of degree −1 and with a function HX of degree 0, satisfying the classical
master equation (CME)
{HX , HX} = 0.
Typically X will be infinite-dimensional (a space of fields) and the Hamiltonian HX
will be rather denoted by SX , playing the role of an action functional.
2. AKSZ models
Let us review the construction of the AKSZ model [1]. It is given by a symplectic
NQ manifold (X,QX , ωX) with degωX = n. If M is an oriented compact n + 1
dimensional manifold then
M := Maps(T [1]M,X)
is an infinite-dimensional classical BV manifold with the symplectic form
ωM(u, v) =
∫
T [1]M
ωX(u, v).
The differential QM is given by the difference of QX and QT [1]M .
The Hamiltonian SM of the homological vector field QM can be computed as
(1) SM(f) :=
∫
T [1]M
idMf
∗θX + f
∗HX
where θX ∈ Ω
1(X) is an arbitrary 1-form such that dθX = ωX (e.g. θX = iEXωX/n
where EX is the Euler vector field) and dM = QT [1]M is the de Rham differential on
M . SM is the action functional of the AKSZ model (the akszion functional). The
critical points of SM are the Q-preserving maps f : T [1]M → X . By construction
SM solves the classical master equation (CME)
{SM, SM} = 0.
Example 2.1 (Chern-Simons theory). If g is a Lie algebra with an invariant inner
product 〈, 〉 then X = g[1] has a QX-invariant symplectic form ωX (given by 〈, 〉)
of degree n = 2. We have M = Ω(M, g)[1] and the action SM is
SM(A) =
∫
M
1
2
〈A, dA〉+
1
6
〈[A,A], A〉.
If A(i) is the i-form part of A (i = 0, 1, 2, 3) then A(1) is a connection (a field), A(0)
the ghost corresponding to the gauge transformations, A(2) is the antifield of A(1)
and A(3) the antifield of A(0). ⊳
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3. Topological boundary conditions of AKSZ models
If M has a boundary we can still define ωM as above, but it is no longer Q-
invariant. Namely, the space of boundary fields X := Maps(T [1]∂M,X) is dg
symplectic with degωX = 0, where
ωX(u, v) =
∫
T [1]∂M
ωX(u, v),
and Stokes theorem gives us
(2) LQMωM = b
∗ωX
where b : M→ X is the restriction map.
A dg Lagrangian submanifold L ⊂ X will then give us a boundary condition for
the AKSZ model: we restrict M to
ML := b
−1(Maps(T [1]∂M,L)) ⊂ M,
which is (unlike M) a classical BV manifold. The corresponding action functional
(i.e. the Hamiltonian of QML) is still
SML(f) =
∫
T [1]M
idM f
∗θX + f
∗HX
provided θX = iEXωX/n (as then θX |L = 0); other choices of θX (s.t. dθX = ωX)
produce boundary terms in SML .
Example 3.1 (Topological boundary conditions in Chern-Simons theory). Con-
tinuing Example 2.1, if h ⊂ g is a Lagrangian Lie subalgebra then
L := h[1] ⊂ g[1] =: X
is a dg Lagrangian submanifold. The corresponding boundary condition of the
Chern-Simons theory requires A|∂M to have values in h. ⊳
More generally one can use Lagrangian maps (see Section 6) as topological
boundary conditions.
4. Non-topological boundary conditions of AKSZ models
Suppose now that Σ = ∂M is endowed with a Riemannian metric or with a
similar geometric structure. A non-topological boundary condition of the AKSZ
model should be a dg Lagrangian submanifold in the space of boundary fields
F ⊂ X := Maps(T [1]Σ, X)
depending on the choice of the Riemannian metric.
The space of fields satisfying the boundary condition
MF = M×X F =
{
f ∈Maps(T [1]M,X)
∣∣ f |T [1]Σ ∈ F}
is again a classical BV manifold.
To compute SMF we need to suppose that F ⊂ X is exact Lagrangian. Namely,
if we define the 1-form θX on X via
θX(u) =
∫
T [1]Σ
θX(u)
so that dθX = ωX, then we need to have a functional SF on the space of fields F
such that
dSF = θX|F.
Then
SMF = SM + SF
which follows from dSM = iQωM − θX.
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There is a particularly simple class of dg Lagrangian submanifolds of X: if F ⊂ X
is a graded Lagrangian submanifold such that C∞(F) is non-positively graded (i.e.
F is modeled by a non-negatively graded vector space) then F is automatically dg
Lagrangian for degree reasons. We shall call this type of F’s ghostless.
Remark 4.1. Let us suppose that θX = iEXωX/n. Then θX|F = 0, and thus we
can take SF = 0, iff F is EX -invariant, i.e. iff it is ET [1]Σ-invariant. In other words
we have SF = 0 for scale-invariant boundary conditions. ⊳
Example 4.2. In the case of Chern-Simons theory (n = 2, X = g[1]) a natural
boundary condition is given by a generalized metric on g, i.e. by a symmetric linear
map E : g → g such that E2 = 1 (a reflection). If Σ has a pseudo-conformal
structure then
F = {A ∈ Ω1(Σ, g) | ∗A = EA} ⊕ Ω2(Σ, g) ⊂ Ω(Σ, g) = X
is a dg Lagrangian submanifold. This F is scale-invariant and ghostless. ⊳
5. AKSZ sandwich and the duality, or plurality, of field theories
Let Σ be an oriented n-dimensional manifold. Let us consider the AKSZ model
on M = Σ× I (where I = [0, 1]), with a non-topological boundary condition F on
Σ×{0} and with a topological boundary condition given by L ⊂ X on Σ×{1}. The
resulting action functional is again a solution of the CME, and can be interpreted
as a classical field theory on Σ (with infinitely many fields due to their dependence
on I; see §7 for an equivalent model with finitely many fields). We shall call this
model an AKSZ sandwich.
Let us fixX and F and consider AKSZ sandwiches with different L’s. While these
field theories are not entirely equivalent, their difference is, in some sense, purely
topological. We will call them dual to each other, since this construction contains
as a special case the Poisson-Lie T-duality and the electric-magnetic duality, as
we show below. For example, Poisson-Lie T-duality is given by Chern-Simons
theory with the boundary conditions from examples 3.1 and 4.2 – the corresponding
sandwich model is equivalent to a 2-dim σ-model with the target G/H and the
duality itself corresponds to different choices of h ⊂ g.
The “true” duality should correspond to the cases when, at the quantum level,
the topological boundary conditions given by the different L’s coincide (or are
isomorphic). The word “plurality”, suggested by R. von Unge [12] in the context
of Poisson-Lie T-duality, might be more appropriate, as there may be more than 2
suitable L’s.
Let us now explain how to reduce the AKSZ sandwich model to an equivalent
field theory on Σ with finitely many fields. In some sense, this corresponds to
integrating out superfluous fields (as done in the case of Poisson-Lie T-duality in
[10]). Our method is described in the following two sections, but other (and possibly
more enlightening) approaches may exist.
6. Resolutions of dg Lagrangian submanifolds
This section contains some preliminaries needed for calculations with the AKSZ
sandwiches. We start by defining a “baby version” of a Lagrangian map ℓ : L→ X ,
introduced in [8], which is a more flexible notion than a dg Lagrangian submanifold
L ⊂ X .
First, we shall say that an NQ-manifold Y is acyclic if it is isomorphic to T [1]Z
for some N-manifold Z, or equivalently, if its tangential cohomology vanishes ev-
erywhere.
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Suppose now that X and Y are NQ symplectic, deg ωX = degωY = n, and that
Y is acyclic. If L is a dg Lagrangian relation between X and Y , i.e. if L ⊂ X×Y¯ is a
dg Lagrangian submanifold, then we want to see L as a “generalized dg Lagrangian
submanifold” of X (the ideology behind is that Y is seen as equivalent to a point).
We therefore call the projection ℓ := pX : L→ X a Lagrangian map. As a particular
example, id : Y → Y is Lagrangian (here L ⊂ Y × Y¯ is the diagonal embedding of
the acyclic Y ).
L X
R X × Y¯
Y
q ℓ
j
Figure 1. Resolution of
L ⊂ X via R.
By a resolution of a dg Lagrangian submanifold L ⊂
X we mean a Lagrangian map ℓ : R→ X , which is a sur-
jective submersion, together with a quasiisomorphism
q : L → R such that ℓ ◦ q coincides with the inclusion
L→ X .
Let us notice that in this case the projection j : R→
Y is an immersion. We can thus view R as a coisotropic
submanifold of Y and X as the symplectic reduction
(the space of null leaves) of R.
Example 6.1. Let g be a non-positively graded Lie
algebra with an invariant pairing turning X = g[1] to a
degree n symplectic NQ manifold. Let h ⊂ g be a Lagrangian graded Lie subalgebra,
so that h[1] ⊂ g[1] is a dg Lagrangian submanifold. We can get its resolution as
follows.
If H ⊂ G are NQ-groups (with zero differential) integrating h ⊂ g then
Y := g[1]× T ∗[n](G/H)
with the Hamiltonian HY = Hg[1] + Haction is a degree n symplectic acyclic NQ
manifold. Here Haction is the action of the Lie algebra g on G/H (a map from g to
vector fields on G/H), seen as a function on g[1]× T ∗[n](G/H).
The NQ submanifold R := g[1] × G/H ⊂ Y is coisotropic, and the projection
pg[1] : R → g[1] is its symplectic reduction. The inclusion h[1] × 1 ⊂ R is a quasi-
isomorphism. This makes R a resolution of h[1] ⊂ g[1]. ⊳
7. Computing the sandwich action functional
Seeing the AKSZ sandwich model from §5 as a field theory on Σ gives us an
infinite number of fields due to their dependence on I. There is, however, a way to
get an equivalent model with a finite number of fields.
In the language of [8], the AKSZ sandwich model can be seen as the derived
intersection of the dg Lagrangian submanifolds F and L of X, where
L = Maps(T [1]Σ, L).
This means the following. We replace the dg Lagrangian submanifold L ⊂ X by a
resolution λ : R→ X. The derived intersection of L with F ⊂ X is then
(3) RF := λ
−1(F) ⊂ R
and, according to [8], it is (up to homotopy) a classical BV manifold. Indeed, the
AKSZ model gives us a particular R, namely
R =
{
f : T [1](Σ× I)→ X
∣∣ f |T [1](Σ×{1}) ∈ L},
λ : R → X is given by f 7→ f |T [1](Σ×{0}), and RF is then the space of fields of the
AKSZ sandwich.
To find a resolution R of L it is enough to find a resolution ℓ : R→ X of L ⊂ X ,
and then set
R = Maps(T [1]Σ, R).
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Again, the AKSZ sandwich gives us a particular resolution R, namely the path
space
R = {f : T [1]I → X | f(1) ∈ L}.
The idea is to use a finite-dimensional R instead, which gives a more manageable
but quasi-isomorphic space of fields.
Let us now describe how the space of fields RF (or rather its reduction) becomes
a classical BV manifold and how to write down the action functional, following (a
baby version of) [8].
The differential on R = Maps(T [1]Σ, R) is, as usual, given by the difference of
the differentials on R and on T [1]Σ. The space of fields RF ⊂ R is a dg submanifold.
To get the BV 2-form on RF we need to write the acyclic symplectic Y in the
form
(4) Y = T ∗[n]Y˜
where Y˜ is another symplectic NQ manifold with degωY˜ = n− 1. The symplectic
form on Y comes from T ∗[n] and the Hamiltonian HY is the Poisson structure of
Y˜ (a quadratic function on T ∗[n]Y˜ ) plus QY˜ (a linear function on T
∗[n]Y˜ ).1 Every
acyclic symplectic Y is locally of this form (we can even demand QY˜ = 0), but
globally there may be an obstruction in Hn+1(Y 0;R) (where Y 0 is the degree-0
part of Y ).
Let
ℓ : R→ X, j : R→ Y, p : Y → Y˜
be the projections (recall that ℓ is a surjective submersion and j a coisotropic
immersion). The sought-after 2-form ω˜ on RF is
ω˜(u, v) =
∫
T [1]Σ
(p ◦ j)∗ωY˜ (u, v).
As needed, it is closed, of degree −1, and satisfies LQω˜ = 0, but it may be degen-
erate. Let us suppose that the space of the null leaves of ω˜ is a graded manifold
Z := (RF)
reduced,
i.e. that we have a surjective submersion RF → Z whose fibers are the null leaves
of the 2-form. Then both ω˜ and the differential descend to Z and make it to a
classical BV manifold
(Z, ω˜Z, QZ).
By construction this BV space of fields is equivalent to the AKSZ sandwich given
by L and F.
The action functional, i.e. the Hamiltonian generating QZ, can be computed as
follows. Let Hrel ∈ C
∞(R) be a function such that
dHrel = j
∗θtautY − ℓ
∗θX
where θtautY is the tautological 1-form on Y = T
∗[n]Y˜ . Then we have
(5) SZ([f ]) = S
Y˜
AKSZ(p ◦ j ◦ f) + SF(ℓ ◦ f)−
∫
T [1]Σ
f∗Hrel
where p : Y → Y˜ is the projection and [f ] ∈ Z denotes the class of f ∈ RF, and
SY˜AKSZ is the AKSZ action functional given by the symplectic NQ-manifold Y˜ .
Recall that SF is a functional on F such that dSF = θX|F. The function Hrel can
be computed as
Hrel =
1
n
iER(j
∗θtautY − ℓ
∗θX).
1The symplectic form ω
Y˜
gives us an isomorphism of graded manifolds T ∗[n]Y˜ ∼= T [1]Y˜ . The
resulting differential on T [1]Y˜ is the standard one; this, in particular, implies the acyclicity of
T ∗[n]Y˜ .
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Remark 7.1. Our construction can be explained also as follows: we replace the
triple (X,F ⊂ X, L) with (Y,RF ⊂ Y, Y ) (with R seen as a coisotropic submanifold
of Y and ℓ : Y → Y being the identity), where Y = Maps(T [1]Σ, Y ). Even if F is
ghostless, RF is often not, which explains the emergence of gauge symmetries in
our setup. ⊳
Remark 7.2. In [8] a more flexible definition of symplectic and Lagrangian struc-
tures is used, which removes two problems of our approach - the fact that Y˜ may
exist only locally and the requirement that Z is smooth. On the other hand, relating
the methods of op. cit. to the standard BV formalism seems somewhat tricky. ⊳
Example 7.3. Continuing Example 6.1, we can put Y = g[1]×T ∗[n](G/H) to the
form (4) as follows. Suppose that h′ ⊂ g is a Lagrangian Lie subalgebra such that
h ∩ h′ = 0. In other words, (g, h, h′) is a graded Manin triple, and H and H ′ thus
become graded Poisson-Lie groups. The pairing on g gives us an isomorphism
h∗ ∼= h′[2 − n].
The inclusion H ′ ⊂ G then gives us a local diffeomorphism H ′ → G/H . Let us
suppose that it is a global diffeomorphism (or alternatively work locally in G/H).
In this case we can set
Y˜ = T ∗[n− 1]H ′ ∼= h[1]×H ′
(with the isomorphism given by the left translation). The Hamiltonian of QY˜ is
the Poisson structure on H ′ seen as a function on T ∗[n − 1]H ′. The equality (4)
appears via
T ∗[n](h[1]×H ′) = T ∗[n]h[1] × T ∗[n]H ′
= (h′[1]⊕ h[1])× T ∗[n]H ′ = g[1]× T ∗[n]H ′. ⊳
8. Boundary conditions and G-structures
Let us now describe in some detail non-topological boundary conditions F of
“ultralocal type”, i.e. given by a choice of a graded Lagrangian submanifold
Fp ⊂ Xp := Maps(Tp[1]Σ, X)
for every p ∈ Σ. (This is done for simplicity; a local F, depending on a finite number
of derivatives, would be equally good.) Notice that Xp is finite-dimensional, unlike
X.
In more detail, we have a
∧nT ∗pΣ-valued symplectic form on Xp given by the
Berezin integral
ωXp(u, v) =
(
ωX(u, v)
)top
,
Xp’s are the fibers of a fiber bundle Xˆ → Σ, and X = Γ(Xˆ) is the space of its
sections. The Lagrangian graded submanifolds Fp form a subbundle Fˆ ⊂ Xˆ, and
F = Γ(Fˆ).
As in §4, we shall call Fp ghostless if the algebra C
∞(Fp) is non-positively graded.
If Fp is ghostless for every p ∈ Σ then F is ghostless and thus dg Lagrangian.
Otherwise F is just a graded Lagrangian submanifold and we need to find conditions
on Fp’s to make it a dg submanifold.
Remark 8.1. A ghostless Fp is uniquely determined by the Lagrangian submani-
fold
F 0p = Fp ∩ X
0
p ⊂ X
0
p
where X 0p ⊂ Xp is the (finite-dimensional and ordinary, i.e. not graded) manifold
of grading-preserving maps Tp[1]Σ → X . The Lagrangian submanifold F
0
p can be
chosen arbitrarily. This gives rise to an easy class of examples.
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(Lagrangian submanifolds F 0p ⊂ X
0
p were introduced in [9] as “higher Hamiltoni-
ans” with the purpose of explaining and possibly generalizing Poisson-Lie T-duality.
In this sense our paper fulfills the dream of [9].) ⊳
We now restrict our attention to ultralocal F’s coming from G-structures. Let
us fix an n-dimensional oriented vector space V (a model of TpΣ) and suppose that
Σ is endowed with a G-structure for some G ⊂ GL+(V ) (e.g. if V is equipped with
an inner product then G = SO(V ) would correspond to a Riemannian metric on
Σ). This means that for every p ∈ Σ we have a family of isomorphisms TpΣ ∼= V on
which G acts transitively. These isomorphisms form a principal G-bundle P → Σ.
If
XV := Maps(V [1], X)
then Xˆ → Σ is the corresponding associated bundle P ×G XV . On XV we have a∧nV ∗-valued symplectic form.
Let
FV ⊂ XV
be a G-invariant Lagrangian graded submanifold. It can be used to define Fp’s: the
isomorphisms TpΣ ∼= V (the elements of P ) turn FV to Fp ⊂ Xp for every p ∈ Σ.
In other words, Fˆ → Σ is the associated subbundle
Fˆ = P ×G FV ⊂ P ×G XV = Xˆ.
Proposition 8.2. F ⊂ X, coming from a G-invariant FV ⊂ XV , is dg Lagrangian
for every G-structure on Σ iff
(1) FV ⊂ XV is dg Lagrangian, where Q on XV comes from Q on X
(2) TFV ⊂ TXV is a
∧
V ∗-submodule (where we use the fact that TfXV =
Γ(f∗TX) is a C∞(V [1]) =
∧
V ∗-module for every f ∈ XV )
(3) FV ⊂ XV is invariant under the graded Lie algebra of vector fields on V [1]
vanishing at the origin at least quadratically.
The last condition is dropped if we consider only G-structures which admit a com-
patible torsion-free connection.
Proof. Locally, X = Maps(T [1]Σ, X) is the graded vector space of forms on Σ with
values in X (seeing X locally as a graded vector space). This allows us to see the
vector field QX as a (non-linear and grading-preserving) map X → X[1].
Choosing a basis of V , a G-structure on Σ and its local section give a frame
e1, . . . , en and we denote the dual 1-forms as θ
k. Let σi be local coordinates on Σ
centered at a point p ∈ Σ; σ’s and θ’s are thus local coordinates on T [1]Σ.
For
φ ∈ F ⊂ X = Ω(Σ, X)
we have,2 close to p ∈ Σ,
φ(σ, θ) = φ(0, θ) + σiδiφ(0, θ) +O(|σ|
2) ,
where φ(0, θ) is an element of
FV ⊂ XV = Maps(V [1], X),
and δiφ(0, θ) are vectors tangent to FV at φ(0, θ). To check that F is preserved by
the differential on X, we can just check the value of QX(φ) at σ = 0:
(QXφ)(0, θ) = QX(φ(0, θ)) − (dΣσ
i)δiφ0(0, θ)− dΣ|pφ(0, θ) .
2Strictly speaking, as usual when working with “points” of supermanifolds, φ should be allowed
to depend on auxiliary odd parameters and its total parity should be even. We suppress these
odd parameters in the notation.
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In the last term, dΣ|p = −
1
2θ
i([ej , ek])|pθ
jθk∂θi . Since the G-structure can be
arbitrary, each of these three terms has to be tangent to FV , giving the three
conditions from the proposition.
If a G-structure has a compatible connection, the vanishing of its torsion tells us
that the matrices (Ck)
i
j = θ
i([ej , ek]) lie in Lie(G) for every k. Since FV is invariant
under Lie(G) and multiplication by θk, the third condition is satisfied. 
Finally we should remember that F needs to be exact Lagrangian. On Xp we
have a
∧n
T ∗pΣ-valued 1-form θXp given by
θXp(u) =
(
θX(u)
)top
∈
∧n
T ∗pΣ
satisfying dθXp = ωXp and we need θXp |Fp to be exact, equal to dHFp for some∧n
T ∗pΣ-valued function HFp on Fp. Moreover HFp should depend smoothly on
p ∈ Σ. We then have
SF =
∫
p∈Σ
HFp .
In the case of F given by a G-structure and by FV ⊂ XV we need a suitable∧n
V ∗-valued function HFV on FV .
Example 8.3 (Generalized metric). Let us repeat Example 4.2 from our current
point of view. We have n = 2, X = g[1] for some quadratic Lie algebra g (i.e. the
AKSZ model is the Chern-Simons theory given by g).
Let V be an oriented 2-dim vector space equipped with an endomorphism (re-
flection)
∗ : V → V, ∗2 = 1, Tr ∗ = 0.
Let K ⊂ GL+(V ) be the group of linear transformations commuting with ∗. K-
structures are thus pseudo-conformal structures (giving a Hodge star ∗ on Ω1(Σ)).
We have XV =
∧
V ∗ ⊗ g[1], and in particular
X 0V = V
∗ ⊗ g = Hom(V, g).
If E : g→ g is a symmetric linear map such that E2 = 1 then
F 0V := {T : V → g | T ∗ = ET } ⊂ Hom(V, g) = X
0
V
is a Lagrangian vector subspace. The map E is called a generalized metric on g.3
Then
FV := F
0
V ⊕
(∧2
V ∗ ⊗ g[1]
)
is ghostless and thus satisfies the conditions of Proposition 8.2. Given a pseudo-
conformal structure on Σ we have
F = {A ∈ Ω1(Σ, g) | ∗A = EA} ⊕ Ω2(Σ, g) ⊂ Ω(Σ, g) = X. ⊳
Example 8.4 (Dressing cosets). As a small generalization, let i ⊂ g be an isotropic
Lie subalgebra and let E : i⊥/i→ i⊥/i be an i-invariant symmetric linear map such
that E2 = 1. Let
F 0V := {T : V → i
⊥ | PT ∗ = EPT } ⊂ Hom(V, g) = X 0V
where P : i⊥ → i⊥/i is the projection. Then
FV := i[1]⊕ F
0
V ⊕
(∧2
V ∗ ⊗ i⊥[1]
)
⊂ XV
is again a K-invariant graded submanifold satisfying the requirements of Proposi-
tion 8.2. The corresponding F is
F = Ω0(Σ, i)⊕ {A ∈ Ω1(Σ, i⊥) | ∗PA = EPA} ⊕ Ω2(Σ, i⊥) ⊂ Ω(Σ, g) = X.
3Usually one also adds the requirement that 〈·, E·〉 is positive definite, which corresponds to
the positivity of the corresponding Hamiltonian.
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Note that this example is not ghostless. It appears in the Poisson-Lie T-duality for
gauged 2-dim σ-models [6]. ⊳
Example 8.5 (4-dimensional electromagnetism with several charges). Let us con-
sider the case of n = 4 and X = W [2] for some symplectic vector space W . For
degree reasons we must have QX = 0. Let V be an oriented 4-dim vector space with
a Minkowski inner product, so that on
∧2
V the Hodge operator satisfies ∗2 = −1.
Let K ⊂ GL+(V ) be the group preserving the inner product up to rescaling.
We have XV =
∧
V ∗ ⊗W [2], in particular X 0V = Hom(
∧2
V,W ). If J : W → W
is a linear map such that J2 = −1 and ω(u, Jv) = ω(v, Ju) then
F 0V := {T :
∧2
V → W | T ∗ = JT } ⊂ Hom(
∧2
V,W ) = X 0V
is a K-invariant Lagrangian vector subspace and
FV := F
0
V ⊕ (
∧≥3
V ∗ ⊗W [2]) ⊂ XV
is ghostless.
It is natural (for Hamiltonian positivity) to require that ω(v, Jv) ≥ 0 for all
v ∈ W . This makes W to a (finite-dimensional) complex Hilbert space with the
complex structure J .
A K-structure on an oriented 4-dim Σ is a pseudo-conformal structure, and
F ⊂ X = Ω(Σ,W )[2] is given by
F =
{
F ∈ Ω2(Σ,W ) | ∗F = JF
}
⊕ Ω≥3(Σ,W ). ⊳
Example 8.6 (Yang-Mills). Let g be a Lie algebra and let
X = T ∗[n]T [1]g[1] = g∗[n− 1]× g∗[n− 2]× g[2]× g[1].
Consider an oriented n-dim vector space V with an inner product. We search
for an SO(V )-invariant dg Lagrangian submanifold
FV ⊂ XV =
∧
V ∗ ⊗X
satisfying the conditions of Proposition 8.2. For simplicity we shall suppose that
FV ⊂ XV is a graded vector subspace, and thus it needs to be a
∧
V ∗-submodule.
Let us demand
g[1] =
∧0
V ∗ ⊗ g[1] ⊂ FV
(and thus
∧
V ∗ ⊗ g[1] ⊂ FV ) to impose gauge invariance (which implies, in partic-
ular, that FV is not ghostless).
The generic such FV ’s are of the following form: it is the sum of the dark fields
in the table
∧0V ∗
∧1V ∗
∧2V ∗
. . .
∧n−2V ∗
∧n−1V ∗
∧nV ∗
g∗[n− 1] g∗[n− 2] g[2] g[1]
plus the subspace of the sum of two gray fields{
((∗ ⊗ g)a, a) | a ∈
∧2
V ∗ ⊗ g[2]
}
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where g : g→ g∗ comes from an invariant inner product on g. ⊳
9. The field content of a typical AKSZ sandwich (degree counting)
Before passing to examples, let us describe the field (and ghost) content of a
sandwich model given by (X,L,F) under the following assumptions:
• L ⊂ X is a dg Lagrangian submanifold (i.e. not a more general Lagrangian
map L→ X)
• F is ultralocal and ghostless
• X is connected in the sense of rational homotopy theory [11], i.e. as a
graded manifold X is (isomorphic to) a negatively graded vector space (this
condition can be weakened without influencing the result)
Let us first describe the result. Let ℓ : R → X be a resolution of L ⊂ X and
let Φ := ℓ−1(0) be its fiber (i.e. the homotopy fiber of L →֒ X). Then the physical
fields of the sandwich are the grading-preserving maps
T [1]Σ→ Φ.
In other words, if φi are local coordinates on Φ of degrees di then the physical fields
are forms
Ai ∈ Ωdi(Σ).
The ghosts (fields of negative degree) are then forms
ci[k] ∈ Ω
di−k(Σ), 1 ≤ k ≤ di
and the ghost number (i.e. minus the degree) of ci[k] is k.
While, as usual in the BV formalism, it is impossible to disentangle the gauge
symmetries from the equations of motion, the gauge symmetries are roughly speak-
ing given by Φ seen as a higher Lie algebroid.
Let us now describe the local calculations leading to this result. Let pi, q
i be
Darboux coordinates on X , with L given by qi = 0. The resolution R will then
have local coordinates p˜i, q˜
i, φi such that
ωY˜ |R = dp˜i dφ
i
and such that
ℓ∗pi = p˜i + higher, ℓ
∗qi = q˜i + higher
where “higher” means a function vanishing at least quadratically at the origin. The
degrees of the coordinates are
degφi = di, deg q˜
i = di + 1, deg p˜i = n− di − 1,
i.e. locally
R =
∏
i
R[di]× R[di + 1]× R[n− di − 1].
As a result
R = Maps(T [1]Σ, R) =
⊕
i
Ω(Σ)[di]⊕ Ω(Σ)[di + 1]⊕ Ω(Σ)[n − di − 1]
Let us denote the corresponding component forms by
φi(m), q˜i(m), p˜
(m)
i ∈ Ω
m(Σ).
We now pass from R to Z = (RF)
reduced. After the restriction and reduction the
following component forms remain:
φi(m) for m ≤ di + 1, p˜
(m)
i for m ≥ n− di − 1.
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Let us conclude by giving the component forms the appropriate names:
degree 0 (fields) : Ai := φi(di), Bi := p˜
(n−di−1)
i
degree −k < 0 (ghosts) : ci[k] := φ
i(di−k)
degree > 0 (antifields) : B+i := φi(di+1), A+i := p˜
(n−di)
i , c
+
[k]i := p˜
(n−di+k)
i
The fields Bi should be considered as auxiliary, corresponding to the fact that SZ
is a first-order type action.
10. Examples of sandwiches and dualities
10.1. Electric-magnetic duality in higher dimensions. We start with the
space X = R[a+1]×R[b+1], with coordinate p on R[a+1] and x on R[b+1]. We
take QX = 0 and the degree n = a+ b+2 symplectic form ωX = dp dx. This gives
us
X = Ω(Σ)[a + 1]⊕ Ω(Σ)[b + 1].
Supposing that Σ has a (pseudo-)Riemannian metric, we define a ghostless ul-
tralocal boundary condition F ⊂ X via
F = {(p, x) ∈ Ω(Σ)[a + 1]⊕ Ω(Σ)[b + 1] |
p(a+1) = ∗x(b+1), p(≤a) = 0, x(≤b) = 0}
where x(k) denotes the k-form part of x. For θX = p dx we get
SF =
1
2
∫
Σ
x(b+1) ∗x(b+1)
The topological boundary condition will be given by L = R[b + 1] ⊂ X , i.e. by
setting p = 0. Let R be the Koszul resolution of L ⊂ X , i.e. the coordinates on R
are p, x, and π with deg π = a, and the differential is QR = p∂π. The accompanying
symplectic NQ manifolds are:
Y˜ = R[a]× R[b + 1], coordinates π and x, ωY˜ = dx dπ, HY˜ = 0
Y = T ∗[n]Y˜ , coordinates x, π, ξ, p, ωY = dp dx+ dξ dπ, HY = ξp
coisotropic R ⊂ Y given by ξ = 0
We have θtautY = p dx+ ξ dπ. On R it coincides with θX and we thus have Hrel = 0.
The space of fields (i.e. the derived intersection) before the reduction is
RF = Ω(Σ)[a]× F ⊂ Ω(Σ)[a]× X = R
with the additional component Ω(Σ)[a] corresponding to π. Since ωY˜ = dx dπ, the
reduction of RF kills its p-component and a part of the π-component, and we get
Z ∼= Ω≤a+1(Σ)[a] ⊕ Ω≥b+1(Σ)[b + 1]
with the BV symplectic form pairing the two components.
Since HY˜ = 0 and ωY˜ = dx dπ, we have
SY˜AKSZ =
∫
Σ
xdπ.
Putting everything together, we obtain
SZ = S
Y˜
AKSZ + SF =
∫
Σ
x(n−1)dπ(0) + · · ·+ x(b+1)dπ(a) +
1
2
x(b+1) ∗x(b+1).
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The appropriate names for the components are:
degree 0 (fields) : A := π(a), B := x(b+1)
degree −k < 0 (ghosts) : c[k] := π
(a−k), k = 1, . . . , a
degree > 0 (antifields) : B+ := π(a+1), A+ := x(b+2), c+[k] := x
(b+2+k)
and the action now reads
SZ =
∫
Σ
B dA+
1
2
B ∗B +A+dc[1] + c
+
[1]dc[2] + · · ·+ c
+
[a−1]dc[a].
This is the first order formulation of the action functional
1
2
∫
Σ
dA ∗dA A ∈ Ωa(Σ)
(the first two terms of SZ) together with the ghost terms corresponding to the
gauge transformations A→ A+ dA′, A′ → A′ + dA′′, etc.
The dual model is obtained by considering the topological boundary condition
given by L′ = R[a+ 1], i.e. by exchanging a and b.
10.2. Electric-magnetic duality in 4d. Let us consider the theory arising from
the Example 8.5. Namely, we fix a symplectic vector space W and we take X =
W [2]. Together with QX = 0, this makes the target X an NQ symplectic manifold
of degree 4. We have
X = Ω(Σ,W [2]).
The ghostless non-topological boundary condition, given by a pseudo-conformal
structure on Σ (which is a K-structure for the subgroup K ⊂ GL+(V ) preserving
a Minkowski inner product up to rescaling), is
F = {F ∈ Ω2(Σ,W [2]) | ∗F = JF} ⊕ Ω≥3(Σ,W [2]) ⊂ X.
Here J : W → W a complex structure for which ω(·, J ·) is symmetric and positive
definite. Since F is EX -invariant, taking θX = iEXωX/4 we have θX|F = 0 and
thus SF = 0.
We decompose W ∼= U ⊕U∗ into two Lagrangian vector subspaces and consider
the topological boundary condition given by L = U [2] (U∗ plays an auxiliary role).
Let R be the Koszul resolution of U [2] ⊂ W [2]. More explicitly, let xi denote
the coordinates on U and pi the corresponding dual coordinates on U
∗. Then
R =W [2]× U∗[1], with coordinates xi, pi, ξi, and with the differential QR = pi∂ξi .
The corresponding acyclic Y is
Y = T ∗[4]T ∗[3]U∗[1] =W [2]× T ∗[4]U∗[1],
with the obvious embedding R →֒ Y , and Y˜ = T ∗[3]U∗[1] = U [2] × U∗[1] with
HY˜ = 0.
The space of fields (i.e. the derived intersection) before the reduction is
RF = F × (Ω(Σ)⊗ U
∗[1]) .
For convenience, we have displayed (most of) this information in Figure 2, which
is to be read as follows. The full table represents the space
R = Maps(T [1]Σ, R) = Ω(Σ)⊗R
with cells corresponding to bihomogeneous components. The subspace RF ⊂ R is
the sum of the black cells plus a subspace of the sum of the gray cells{
F ∈ Ω2
(
Σ,W [2] = U [2]⊕ U∗[2]
)
| ∗F = JF
}
Since ω˜ pairs the last two columns, the reduced space of fields is
Z ∼= Ω≥2(Σ, U)[2]⊕ Ω≤2(Σ, U∗)[1].
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0
1
2
3
4
U∗ U U∗
−2 −2 −1
pi x
i ξi
p(2) B
c
A
B+
A+
c+
Figure 2. The space RF ⊂ R. The cells are labeled by compo-
nents of R (on horizontal axis) and by components of Ω(Σ) (on
vertical axis). The name of the corresponding field is marked for
some cells.
We then have, using the names from Figure 2
SY˜AKSZ(p ◦ f) =
∫
Σ
〈B, dA〉 + 〈A+, dc〉.
For the last term in the action (5) we calculate
Hrel =
1
4 iER(j
∗θtautY − ℓ
∗θX) =
1
2x
ipi.
Expressing p(2) in terms of B via the boundary condition ∗(p(2)+B) = J(p(2)+B),
we obtain
SZ =
∫
Σ
〈B, dA〉+ 〈A+, dc〉+ α(B,B) + β(B, ∗B),
for suitable α, β ∈ S2U∗. This is the standard 1st order BV action of pure electro-
dynamics (with several charges), together with the topological term.
Given U , any Lagrangian complement U∗ can be written as
U∗ = {s(u) + J(u) | u ∈ U},
where s : U → U is a linear map self-adjoint w.r.t. g(u, v) = ω(u, Jv). Then,
“integrating out” B (i.e. expressing it from its equation of motion and plugging the
result back into the action), we get
S =
∫
Σ
〈dA, ∗dA〉g − 〈s
t(dA), dA〉g .
Here, the pairing 〈 , 〉g on U
∗ is the inverse of g|U . Different choices of U give dif-
ferent abelian Yang-Mills actions linked by S-duality [13]. Notice that the action S
depends on the choice of U∗ ⊂W only through the topological term 〈st(dA), dA〉g .
In the global picture involving gauge fields on non-trivial principal torus bundles
we need to choose a lattice Λ ⊂W , the vector subspaces U,U∗ ⊂W should corre-
spond to sub-tori ofW/Λ and the choice of Λ must be such that eiS is independent
of the choice of U∗ ⊂W .
10.3. Scalar theory. We consider X = Y = T ∗[n]Y˜ for Y˜ = T ∗[n − 1]M and M
a (non-graded) manifold. Since X is acyclic, we can take R = X , with the identity
map ℓ : X → X as the Lagrangian submersion. Choosing θX = θ
taut
X , the formula
(5) reduces to
SRF(f) = S
Y˜
AKSZ(p ◦ f) + SF(f).
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Generic ghostless ultralocal boundary conditions F can be obtained as follows.
Recall that F is completely determined by the Lagrangian submanifolds F 0p :=
Fp ∩X
0
p , using the notation from Remark 8.1. We have
X 0p
∼= T ∗Pp ⊗
∧n
T ∗pΣ,
where Pp is the space of grading preserving maps Tp[1]Σ → T
∗[n− 1]M . In other
words,
Pp := T
∗M ⊗
∧n−1
T ∗pΣ.
We choose a generating functionHp ∈ C
∞(Pp)⊗
∧nT ∗pΣ and take F 0p := graph(dHp).
0
1
. . .
n− 1
n
T ∗M T ∗M TM M
−n 1− n −1 0
x
π+
π
x+
Figure 3. The space (RF)p ⊂ Rp for the scalar theory. In order
to understand the table as a graded vector space, we here identify
locally M ∼= Rm.
Denoting the space of grading preserving maps T [1]Σ → T ∗[n − 1]M by P, we
get Z ∼= T ∗[−1]P. The space P corresponds to the fields and the fibers of T ∗[−1]
to the antifields.
Choosing coordinates onM , we can describe Z via a tuple of forms (x, π, x+, π+),
where
x ∈ Ω0(Σ,Rn), π ∈ Ωn−1(Σ, (Rn)∗), x+∈ Ωn(Σ, (Rn)∗), π+∈ Ω1(Σ,Rn).
We can now write the action as
SZ =
∫
Σ
πidx
i +Hp(π, x).
In particular, we see that the antifields x+, π+ do not enter in SZ.
Integrating out π’s we obtain an action of the form4
S =
∫
Σ
L (x, dx).
Note that if we call the space of grading preserving maps Tp[1]Σ → T [1]M by
Wp, we can interpret L (at p ∈ Σ) as the generating function for F
0
p in X
0
p
∼=
T ∗Wp ⊗
∧nT ∗pΣ.
4This corresponds to a partial Legendre transform.
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10.4. Yang-Mills. Let g be a Lie algebra and let
X = T ∗[n]T ∗[n− 1]g[1] = g∗[n− 1]× g∗[n− 2]× g[2]× g[1].
Since X is acyclic, we can again take Y = R = X (with ℓ = idX) and set θX = θ
taut
X .
We take F from Example 8.6 as our non-topological boundary condition. Recall
that this is given by an invariant inner product 〈·, ·〉g on g and a pseudo-Riemannian
metric on Σ.
Choosing a basis of g we get linear coordinates θi on g[1], ti on g[2], σi on
g∗[n− 2], and si on g
∗[n− 1]. We have
SF =
1
2
∫
T [1]Σ
〈σ(n−2) ∗ σ(n−2)〉g.
0
1
2
. . .
n− 2
n− 1
n
g∗ g∗ g g
1− n 2− n −2 −1
si σi t
i θi
c
A
B+
B
A+
c+
Figure 4. The space RF ⊂ R for the Yang-Mills case. The degree
−1 symplectic form ω˜R pairs columns σi and θ
i.
As can be seen from Figure 4, the reduced space is
Z ∼=
(
Ω≥n−2(Σ)⊗ g∗[n− 2]
)
⊕
(
Ω≤2(Σ)⊗ g[1]
)
.
Since Y˜ = T ∗[n − 1]g[1], we get θY˜ = σi dθ
i and HY˜ =
1
2f
k
ijσkθ
iθj , and the action
is
SZ =
∫
Σ
σi dθ
i + 12f
k
ijσkθ
iθj + 12 〈σ
(n−2) ∗ σ(n−2)〉g,
where σi, θ
i are now understood as inhomogeneous differential forms on Σ.
Renaming the variables as in Figure 4 and writing gij for the inverse of the
matrix of 〈·, ·〉g, we get
SZ =
∫
Σ
BidA
i + 12f
k
ijBkA
iAj + 12g
ijBi ∗Bj
+A+i dc
i + fkijA
+
k c
iAj + fkijBkc
iB+j + 12f
k
ijc
+
k c
icj .
This is the Yang-Mills action in the first order BV formulation. Taking only the
part with fields of degree 0 (i.e. removing the terms containing ghosts and antifields)
we get
S
(0)
Z
=
∫
Σ
BidA
i + 12f
k
ijBkA
iAj + 12g
ijBi ∗Bj
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and integrating out the auxiliary field B, we obtain
SYang-Mills =
1
2
∫
Σ
〈F ∗ F 〉g,
for F k = dAk + 12f
k
ijA
iAj .
10.5. Poisson-Lie T-duality. Let us consider the case n = 2, with X = g[1] for
some quadratic Lie algebra g. In this case, the corresponding AKSZ-model is the
Chern-Simons theory.
A ghostless non-topological boundary condition F will be obtained as in Example
8.3 out of a pseudo-conformal structure on Σ and a generalized metric E : g → g.
We set
F = {A ∈ Ω1(Σ, g) | ∗A = EA} ⊕ Ω2(Σ, g).
For a topological boundary condition, we take L = h[1] where h ⊂ g is a La-
grangian Lie subalgebra. Its resolution is given in Example 6.1, i.e.
R = g[1]×G/H ⊂ g[1]× T ∗[2](G/H) = Y.
In the language of Courant algebroids, Y corresponds to the exact Courant
algebroid g×G/H → G/H , with the bracket and pairing of constant sections given
by g and with the anchor map given by the action of g on G/H .
To proceed, we need to put Y to the form
Y ∼= T ∗[2]Y˜ , Y˜ = T ∗[1](G/H),
or equivalently, we need an isomorphism of the exact Courant algebroid g ×G/H
with the standard Courant algebroid (T ⊕ T ∗)(G/H). In general this can be done
only locally, as the class of g×G/H in H3(G/H ;R) may be non-zero.
For simplicity, let us suppose in the fashion of Example 7.3 that g can be de-
composed (as a vector space) into a direct sum of two complementary Lagrangian
Lie subalgebras g = h⊕ h′ and take H ′ to be a Poisson-Lie group corresponding to
h′. The local isomorphism H ′ ∼= G/H then gives the (local) identification of NQ
manifolds
(6) h[1]×H ′ ∼= T ∗[1]H ′,
where the differential on the LHS is given by the action of h on H ′ ∼= G/H , on the
RHS it comes from the Poisson bivector π on the Poisson-Lie group H ′, and the
identification is given by the left trivialization. We can thus write
Y ∼= g[1]× T ∗[2]H ′ ∼= T ∗[2](h[1]×H ′) ∼= T ∗[2]T ∗[1]H ′,
R = g[1]×H ′, Y˜ = T ∗[1]H ′, X ∼= T ∗[2]h[1] = h′[1]× h[1].
Choosing θX to be the tautological 1-form on T
∗[2]h[1] we get
j∗θtautY − ℓ
∗θX = 0
and thus Hrel = 0.
The reduced space is
Z ∼= T ∗[−1]
(
Maps(Σ, H ′)× Ω1(Σ, h)
)
as in §10.3 (with M = H ′). Let us use the notation g ∈ Maps(Σ, H ′) and B ∈
Ω1(Σ, h) for the fields of degree 0. Note that for degree reasons, these will be the
only fields entering into the action SZ.
To compute SF we use the Lagrangian splitting
X 0V = Hom(V, h)⊕Hom(V, h
′)
and (supposing F 0V ∩Hom(V, h
′) = 0) understand F 0V as the graph of a linear map
Hom(V, h)→ Hom(V, h′) ∼= Hom(V, h)∗ ⊗
∧2
V ∗,
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0
1
2
h′ h H ′
−1 −1 0
g
B
Figure 5. The space RF ⊂ R for the case of Poisson-Lie T-duality.
The last column is described using a local chart on H ′ (so that the
table represents a graded vector space).
corresponding to a bilinear map ψ : Hom(V, h)⊗2 →
∧2
V ∗. For the above choice
of θX we then have
SF(p ◦ f) =
1
2
∫
Σ
ψ(B,B).
The full action is
SZ =
∫
Σ
〈B, g−1dg〉+ 12 (g
−1πg)(B,B) +
1
2ψ(B,B).
Here πg is the Poisson bivector at g ∈ H
′ and g−1πg ∈
∧2
h′ its left translate to the
origin. Integrating out B we get
S =
1
2
∫
Σ
e(g−1dg, g−1dg), eg = (g
−1πg + ψ)
−1.
The Poisson-Lie T-duality [5] corresponds to the switching of the roles of h and h′,
or to a choice of a different pair h, h′ ⊂ g.
Remark 10.1. The more general boundary condition from Example 8.4 gives rise
to the BV picture of the Poisson-Lie T-duality for gauged σ-models (dressing cosets)
from [6]. ⊳
10.6. Higher Poisson-Lie T-duality. Let us now generalize the previous ex-
ample to higher dimensions. Suppose g is a graded Lie algebra concentrated in
non-positive degrees, with an invariant pairing of degree n− 2 so that
X = g[1]
is an NQ symplectic manifold with ωX of degree n. Let h ⊂ g be a graded La-
grangian Lie subalgebra, and let us set L = h[1] ⊂ X . This gives us, as in Example
6.1, the resolution R = g[1] × G/H , and the fiber Φ from §9 is the NQ-manifold
Φ = G/H (with QΦ = 0). The examples from §10.1, §10.2 and §10.5 are special
cases of this setup.
To compute the action functional using our methods, let us suppose that h′ ⊂ g
is another graded Lagrangian Lie subalgebra, which is complementary to h (which
gives us h′ ∼= h∗[n− 2]). Example 7.3 gives us a resolution of h[1] ⊂ g[1] as
R = g[1]×H ′ ⊂ T ∗[n](h[1]×H ′) ∼= T ∗[n]T ∗[n− 1]H ′ = Y,
where H ′ is a graded Poisson-Lie group integrating h′.
Let us now choose a ghostless F ⊂ X = Ω(Σ, g[1]), or equivalently a Lagrangian
submanifold F0 ⊂ X0. A simple way to do it is to notice that
X = Ω(Σ, h[1])⊕ Ω(Σ, h′[1]) ∼= T ∗Ω(Σ, h[1])
and similarly
X0 = T ∗Ω(Σ, h[1])0.
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We thus choose a functional SF on Ω(Σ, h[1])
0 and use is as a generating function
of F0. The resulting space RF is depicted in the table. (The most natural case is
when SF contains no derivatives of the fields; this gives rise to an ultralocal F.)
0
1
. . .
n− 1
n
h′
· · ·
h′ h h H ′ H ′
1− n −1 1− n
· · ·
−1 2− n
· · ·
0
Figure 6. RF ⊂ R for the higher Poisson-Lie T-duality.
To describe the quotient space Z of RF we now take H
′
2 to be the graded normal
subgroup of the graded group Maps(T [1]Σ, H ′) with the Lie algebra Ω(Σ, h′)≥2.
We then have
Z ∼= Ω(Σ, h[1])≥0 ×Maps(T [1]Σ, H ′)/H′2.
Denoting by B¯ and g¯ the two components we then have
SZ(B¯, g¯) =
∫
Σ
〈B¯, g¯−1dg¯〉+ 12 (g¯
−1πg¯)(B¯, B¯) + SF(B).
Here B ∈ Ω(Σ, h[1])0 is the degree-0 component of B¯, we understand g¯−1πg¯ as a
function on H ′ with values in h′ ⊗ h′, and g¯−1dg¯ = idΣ g¯
∗θMC , where θMC is the
Maurer-Cartan form on H ′.
The action is written in the proper BV form, including all the ghosts corre-
sponding to its respective gauge symmetries. The dual action is then obtained by
reversing the role of h and h′, or possibly by choosing another pair h, h′ ⊂ g.
For n = 3, the general case consists of the semi-abelian double g = k⊕ k∗[1] for
k a Lie algebra. Suppose we decompose k into a direct sum (in the vector space
sense) of two complementary Lie subalgebras k = k1 ⊕ k2 (of arbitrary dimensions).
We then set h = k1 ⊕Ann k1[1] and h
′ = k2 ⊕Ann k2[1].
Example 10.2. For illustration, let us take h = k∗[1], and h′ = k, and let K be a
Lie group corresponding to k.
We first consider the boundary condition given by h. We have H ′ = K, with the
zero Poisson bivector. The reduced space is
Z ∼= T ∗[−1]
(
Maps(Σ,K)× Ω2(Σ, k∗)
)
.
Using the notation g ∈Maps(Σ,K), B ∈ Ω2(Σ, k∗), the action becomes
Sh =
∫
Σ
〈B, g−1dg〉+ SF(B).
The field B should be understood as auxiliary; once we integrate it out we get an
action functional for maps g : Σ→ K.
We now take the boundary condition determined by h′. Integrating h we obtain
the abelian group H = k∗[1], with the Kirillov-Kostant-Souriau Poisson structure.
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Figure 7. RF ⊂ R
for boundary condi-
tion given by h.
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Figure 8. RF ⊂ R
for boundary condi-
tion given by h′.
Using the notation from Figure 8, we obtain the action
Sh′ =
∫
Σ
〈B, dA〉 + 〈A+, dc〉+ 12 〈A, [B,B]〉 + 〈c, [B,A
+]〉+ S′F(B)
=
∫
Σ
〈B,DBA〉+ 〈A
+, DBc〉+ S
′
F(B),
where DB is the covariant derivative w.r.t. the connection B ∈ Ω
1(Σ, k) and S′
F
is
obtained from SF via the Legendre transform.
The field c is a ghost. The corresponding gauge group is the abelian group
Maps(Σ, k∗), acting via A 7→ A+DBu, where u ∈ Maps(Σ, k
∗). ⊳
The general n = 4 case has the form g = k⊕W [1]⊕ k∗[2], with W a symplectic
vector space, and the graded Lie bracket given by a Lie algebra structure on k
and a symplectic representation of k in W . Lagrangian Lie subalgebras are of the
form n⊕ U [1] ⊕ Ann n[2], with n ⊂ k a Lie subalgebra, and U ⊂ W an n-invariant
Lagrangian subspace.
As mentioned above, the homotopy fiber of L ⊂ X is Φ = G/H . The physical
fields of the resulting theory (after eliminating the auxiliary fields) are thus maps to
K/N , 1-forms valued in U∗ ∼=W/U (c.f. §10.2), and 2-forms valued in n∗ (or rather
valued in the vector bundles over K/N associated to these two representations of
N). Furthermore, there is a set of ghosts for the U∗-valued 1-forms, and ghosts
together with ghosts for ghosts for the n∗-valued 2-forms.
It should be noted that for dimensions n ≥ 3 the ansatz X = g[1], with g a
graded Lie algebra, is somewhat restrictive. One should allow g to be a minimal
L∞-algebra, i.e. allow the Hamiltonian HX to have also quartic and higher terms.
The resulting homotopy fibre Φ would then still be G/H (where G and H are the
N-groups integrating g and h when we keep only the binary bracket, i.e. only the
cubic part of HX), but now QΦ might be non-zero.
References
[1] M. Alexandrov, M. Kontsevich, A. Schwarz, O. Zaboronsky, The geometry of the master
equation and topological quantum field theory, Int. J. Modern Phys. A 12 (1997), pp. 1405–
1430.
[2] D. S. Freed, C. Teleman, Relative quantum field theory, Commun. Math. Phys. 326 (2014)
459–476.
[3] A. Kapustin, Topological Field Theory, Higher Categories, and Their Applications, Proceed-
ings of the International Congress of Mathematicians 2010, ICM 2010.
[4] A. Kapustin, N. Saulina, Topological boundary conditions in abelian Chern–Simons theory,
Nuclear Physics B. 845 (2011) 393–435.
22 JÁN PULMANN, PAVOL ŠEVERA, AND FRIDRICH VALACH
[5] C. Klimčík, P. Ševera, Dual non-Abelian T-duality and the Drinfeld double. Phys.Lett. B 351
(1995), 455–462.
[6] C. Klimčík, P. Ševera, Dressing cosets, Physics Letters B, Vol. 381, No. 1-3 (1996), 56–61.
[7] C. Montonen, D. Olive, Magnetic monopoles as gauge particles? Phys.Lett. B 72 (1977),
117–120.
[8] T. Pantev, B. Toën, M. Vaquié, G. Vezzosi, Shifted symplectic structures, Publications math-
ématiques de l’IHÉS 117 (2013), 271–328.
[9] P. Ševera, Some title containing the words “homotopy” and “symplectic”, e.g. this one,
Travaux Mathématiques, Fasc. XVI (2005), pp. 121-137, also math.SG/0105080.
[10] P. Ševera, Poisson-Lie T-duality as a boundary phenomenon of Chern-Simons theory, JHEP
1605 (2016) 044.
[11] D. Sullivan, Infinitesimal Computations in Topology, I.H.E.S. Publ. Math. 47 (1977).
[12] R. von Unge, Poisson-Lie T-plurality, J. High Energy Phys. JHEP07 (2002) 14.
[13] E. Witten, On S-duality in abelian gauge theory, Selecta Mathematica, (2):383-410, 1995.
Section of Mathematics, Université de Genève, Geneva, Switzerland
E-mail address: jan.pulmann@unige.ch
Section of Mathematics, Université de Genève, Geneva, Switzerland
E-mail address: pavol.severa@gmail.com
Mathematical Institute, Faculty of Mathematics and Physics, Charles University,
Prague, Czech Republic
E-mail address: fridrich.valach@gmail.com
